We present a simple lumped magnetic circuit model for interior permanent-magnet (IPM) machines with multisegment and multilayer permanent magnets. We derived analytically the open-circuit air-gap field distribution, average air-gap flux density, and leakage fluxes. To verify the developed models and analytical method, we adopted finite-element analysis (FEA). We show that for prototype machines, the errors between the FEA and analytically predicted results are 1% for multisegment IPM machines and 2% for multilayer IPM machines. By utilizing the developed lumped magnetic circuit models, the IPM machines can be optimized for maximum fundamental and minimum total harmonic distortion of the air-gap flux density distribution.
D
UE to high efficiency, high power density, high power factor, and high torque density, together with the development of permanent-magnet (PM) material and power electronics, PM brushless machines are increasingly being used in various applications, such as variable-speed drives, servo drives, electric vehicles, and other industrial drives [1] , [2] . Compared with surface-mounted PM (SPM) machines, interior permanentmagnet (IPM) synchronous machines have robust rotor construction, high reluctance torque, and high irreversible demagnetization withstand, and are eminently suitable for electric vehicles which require a wide constant power operating speed range.
However, due to significant leakage flux and magnetic saturation in IPM machines, it is very difficult to directly employ analytical methods to predict the open-circuit air-gap field distribution. Although the finite-element analysis (FEA) can precisely obtain the flux density distribution, it is time consuming and still often used only for design verification. Therefore, a lumped magnetic circuit model usually is a good compromise between simplicity and accuracy [3] - [9] . By way of examples, Laplacian or quasi-Poissonian field equations were directly solved analytically for SPM machines [10] , [11] and inset PM machines [12] , conformal mapping techniques were used for analyzing the influence of stator slotting [13] - [15] and rotor saliency in IPM machines [16] , [17] , while lumped magnetic circuit methods [3] - [9] , [18] - [26] were extensively used for SPM machines [18] - [20] , switched reluctance machines [21] , linear brushless dc machines [22] , hybrid stepping motors [5] , salient-pole synchronous machines [23] , flux-switching PM machines [24] - [26] , inset PM machines [6] , IPM machines [3] , [4] , [7] - [9] , etc. In the lumped magnetic circuit analysis, the permeances of stator yoke and rotor yoke were often omitted for simplicity [5] - [7] , [9] , [18] , [22] , [25] , [26] , or handled with the nonlinear B-H curve of iron by iterative process for higher accuracy [3] , [4] , [8] , [19] - [21] , [23] , [24] . However, since there is no significant magnetic saturation at yokes, neglecting the permeances of stator yoke and rotor yoke is usually acceptable and the results will still have fair accuracy [27] . To account for the slotting effect, [3] , [6] , [7] introduced Carter coefficient for predicting the average air-gap flux density, and [4] , [5] , [18] , [20] , [21] , [24] - [26] analytically approximated the flux distributions in the slots by assuming straight and semicircular lines for predicting air-gap flux density distribution. However, the stator slots can be neglected if only the average air-gap flux density is considered [8] , [9] , [19] , [23] . To investigate the end effect, a 3-D lumped magnetic circuit was employed in [20] , [24] , [25] . Furthermore, lumped magnetic circuits were also developed according to different rotor positions in order to account for rotor rotation [4] , [5] , [20] , [21] , [24] , [26] , much attention being paid to the nonlinear permeances in teeth [20] or pole tips [21] , [24] , [26] by employing iterative process [20] , [21] , [24] or by using saturated coefficients based on FEA [26] . Lumped magnetic circuits are particularly useful for IPM machines due to highly saturated rotor bridges and complicated rotor configurations. The rotor bridges could be modeled as constant flux leakage sources with preset values [6] - [8] or nonlinear permeance elements using iterative process [3] , [4] , [9] . Although the assumption in [6] - [8] might cause error since the saturation level of rotor iron bridge could be varied under different loading conditions, it was fairly acceptable for approximation as it resulted in significant simplification. Hence, this paper presents improved lumped magnetic circuit models for analytically predicting the open-circuit air-gap flux density distributions in IPM machines with multisegment and multilayer permanent magnets. Based on the analysis of flux lines obtained by FEA, simplified lumped magnetic circuits are obtained and Kirchhoff's law is adopted for deriving the analytical expressions of the leakage fluxes. The influence of design parameters on the average air-gap flux density is investigated. The relationship between the lumped magnetic circuit models of different number of permanent-magnet layers is discussed. IPM machines are optimized for maximum fundamental air-gap flux density [and electromotive force (EMF)], as well as minimum total harmonic distortion (THD) of air-gap flux density and EMF waveforms. FEA is used extensively to verify the developed models and analytical method.
II. ANALYTICAL MODEL FOR MULTISEGMENT IPM MACHINES
Although, in general, the influence of load and stator slotting can be easily accounted for in the lumped magnetic circuit [3] - [9] , [18] - [26] , in order to highlight the influence of rotor design parameters and provide a simple and useful means at early design stage, analytical models will be developed for multisegment IPM machines in this section and for multilayer IPM machines in the next section, both on open-circuit and assuming a smooth stator, i.e., neglecting the slotting effect. Fig. 1 shows the IPM machine with multisegment permanent magnets, designated as and . FEA predicted flux lines clearly show that the air-gap flux can be divided into two parts. One part is excited by , and the other part is excited by . Therefore, in Fig. 2 , the actual air-gap flux density distribution, curve 1, is simplified to curve 2, where is the angle along the circumference, is the number of magnet poles, is the pole-arc to pole-pitch ratio, Fig. 1 . In Fig. 1(a) , the leakage flux through the bridge is short-circuited at the end of magnet. But if the distance between the two poles is short enough, the leakage flux through the bridge will be simply from one magnet to another, through the bridge, which is represented by the flux line 1 in Fig. 1 and the corresponding reluctance is . , and are the magnet end-leakage fluxes, which is represented by the flux lines 2, 3, and 4, and the corresponding reluctances are , and . and are the reluctances of the rotor yoke and the stator yoke. In general, there is no significant magnetic saturation in the yokes. Therefore, and may be neglected in comparison with or [5] - [9] . With reference to Fig. 1 , the following expressions can be easily obtained:
where is the permeability of air, is the magnet relative recoil permeability, is the magnet remanence, is the lamination stack length, is the air-gap length, and is the stator bore radius. and are magnet length, while and are magnet width. Because of the saturation in the bridge, is nonlinear. But the leakage flux through the bridge can be approximated as [6] - [8] (11) where denotes the cross-sectional area of the bridge, is the bridge width, is the saturation level on the B-H curve of the lamination as shown in Fig. 4 , where . This simplification may cause some errors because of the variation in magnetic saturation level in the bridges under different loading conditions [3] , [4] . However, since the bridges are usually designed to be highly saturated even at open-circuit, the accuracy of lumped magnetic circuit models will still be acceptable, as will be illustrated later. Therefore, from Fig. 3(c) , the Kirchhoff's law is applied to node , and loop 1-4: (12) It yields the expressions of the leakage fluxes, i.e., (13) (14) (15) (16) Therefore, the average air-gap flux density excited by is (17) Similarly, according to Fig. 3(d) , the average air-gap flux density excited by is given by (18) As shown by the curve 1 in Fig. 2 , which is the actual air-gap flux density distribution predicted by FEA, and are very similar. Therefore, for simplicity, they are assumed to be equal, i.e., (19) Substituting (17) and (18) into (19) , the average air-gap flux density is derived: (20) where (21) (22) Table I lists the design parameters of the prototype machine shown in Fig. 1. Fig. 5 compares the corresponding FEA and analytically predicted results, while Table II shows further comparison between the FEA and analytically predicted results for  different , , , , , and . As can be seen, the errors are small and 1%. are excited by , and . In Fig. 6 , the leakage flux through the bridge at , which is represented by the flux line 1, is only excited by , because its path is only through and the bridge. However, the leakage flux of the bridge at is much different. It is excited by and part of , passes through the bridge and then into the air gap, as shown by the flux line 2 in Fig. 6 . But it can be divided into two parts. One part is the leakage flux through the bridge excited by only, and the remaining part is the flux into the air gap excited by . Similarly, the leakage flux of the bridge at can also be divided into the leakage flux excited by and the air-gap flux excited by and . Therefore, the actual air-gap flux density distribution, curve 1 in Fig. 7 , can be simplified by curve 2.
From the foregoing analysis, the derived lumped magnetic circuit is shown in Fig. 8(a) . In Fig. 6(a) , , , and are the flux sources of , over one magnet pole:
where , , and are the average magnet width. ,
, and are the leakage fluxes of , , and over one magnet pole, and the corresponding 
, , and are the magnet lengths of different PM layers. , , and are the fluxes passing through the areas , , and , respectively. Therefore, the corresponding reluctances are , , and . , , and are the leakage fluxes through the bridge at , , and , respectively, and , , and . , , and are the bridge widths, and , , and are the corresponding reluctances. , , , and are the reluctances of the rotor yoke and the stator yoke. Similar to the assumptions mentioned in Section II, neglecting the magnetic saturation in both stator and rotor yokes leads to negligible values of , , , and [5] - [9] . Therefore, Fig. 8 (a) can be simplified to Fig. 8(b) . Using the same method as in Section II, the Kirchhoff's law is applied to node , and loop 1-6: 
, , , , , and can be easily obtained from (32)-(40). Then, the average air-gap flux densities which are shown in Fig. 7 are , , and , respectively. Table III lists the design parameters of the prototype machine shown in Fig. 6 . Fig. 11 and Table IV compare the FEA and analytically predicted results. Excellent agreement is again achieved.
Therefore, from the above method, it is shown that for the IPM machine with three-layer permanent magnets, the air-gap cross-sectional area can be divided into three parts where the fluxes are excited by , and , respectively. Meanwhile, the leakage fluxes through the bridges at different PMs are separately supplied by , , and . Similarly, the lumped By using the same method, the air-gap cross-sectional area of the -layer IPM machine can be divided into parts:
(41) (42) Fig. 11 . Air-gap flux density distribution of three-layer IPM machine. 
TABLE V AVERAGE AIR-GAP FLUX DENSITY FOR TWO-LAYER MACHINE
The flux through is excited by . Then, the lumped magnetic circuit of the -layer IPM machine can be derived from the circuit of the -layer IPM machine by adding a magnetic branch about the th layer in parallel with the lumped magnetic circuit of the -layer IPM machine. 
IV. OPTIMIZATION WITH ANALYTICAL MODEL
In order to achieve high torque density, high efficiency, and low torque ripple, it is desirable to maximize the fundamental air-gap flux density and minimize the THD of air-gap flux density. The EMF waveform is directly related to the air-gap field distribution and the winding configuration. Particularly, if the windings are concentrated and fully pitched, the EMF waveform will be identical to the air-gap field distribution. Therefore, the optimization of air-gap flux density is an important design issue. With the developed lumped magnetic circuit models, such optimization is much easier than that with FEA.
A. Optimization of Multisegment IPM Machines
For the prototype multisegmented IPM machine in Table I,  , , or can be optimized for maximum peak fundamental air-gap flux density or minimum THD of air-gap flux density with the lumped magnetic circuit model. In Fig. 14 , is the amplitude of the fundamental component of the air-gap flux density
. Total magnet width is , which represents the magnet volume. If the pole-arc to polepitch ratio remains constant, and increases with the in- Fig. 16 . Influence of pole-arc to pole-pitch ratio and total magnet width on air-gap flux density. crease of magnet volume, but the THD remains constant, as shown in Fig. 14 . If the magnet volume remains constant, the air-gap flux density and its amplitude of the fundamental component decrease as the pole-arc to pole-pitch ratio is increased, Fig. 15 . In Fig. 16 , the magnet width and are increased in order to obtain the same air-gap flux density . It can be seen from Fig. 16, if remains constant, will increase with , while THD variation in Fig. 16 is exactly the same as that in Fig. 15 , which indicates that THD is only related to . Clearly, there is an optimal pole-arc to pole-pitch ratio, viz. , for minimum THD. When and , the cross section of the rotor and corresponding air-gap field distribution are shown in Fig. 17 . Table VII compares FEA and analytically predicted results. They have very good agreement.
B. Optimization of Multilayer IPM Machines
For the prototype multilayer IPM machine in Table III , the influence of number of PM layers and displacement of different layers is investigated and optimized for maximum fundamental air-gap flux density or minimum THD of air-gap flux density, as shown in Figs. 18-21 . The three-layer IPM machine in Fig. 18 is obtained from the four-layer PM machine without the fourth PM layer, similarly for the two and single-layer IPM machine. It can be seen from Fig. 18 that the amplitude of the fundamental air-gap flux density of the two-layer machine is significantly higher than that of single-layer machine, because of the increase of magnet volume, while the THD of air-gap flux density of two-layer machine is significantly lower than that of single-layer machine, since the air-gap field distribution becomes closer to sine waveform rather than the rectangular waveform. Therefore, for brushless dc machines with rectangular input current, single-layer is better for its rectangular air-gap flux density. But for brushless ac machines, multilayer is a better choice for its more sinusoidal air-gap flux distribution. However, with further increase of the number of PM layers, the benefits in both fundamental air-gap field and THD gradually diminish, as can be seen for the three-layer and four-layer IPM machines in Fig. 18 . Therefore, for the prototype machine, three-layer PM rotor may be preferred. For the three-layer IPM machine, the influence of displacement of different layers is investigated, Figs. 19-21. It shows with the increasing of , , or , the amplitude of the fundamental air-gap flux density increases because of more magnet volume. From the contour of the amplitude of the fundamental air-gap flux density in Fig. 19(a) , the influence of is bigger than that of on , and the influence of is even smaller, Fig. 19(b) . THD variation is more complex with different combination of , or . In Fig. 20 , with various specified , both and have optimal range of values for minimum THD. With the increase of , the optimal range of both and gradually increases, as shown in Fig. 20 and summarized in Table VIII . It is because for the air-gap flux density being close to sine and not to rectangular waveform, the values of , , or should not be too close to each other. Furthermore, from the contour of THD in Fig. 20 , the influence of on THD is most significant, while the influence of is smallest. In Fig. 20 and Table VIII, with the increase of from 0.3 to 0.4, the THD obviously reduces, but from 0.4 to 0.5, the effect is very little. With further increase of , THD does not decrease but increase, as shown in Fig. 20(d) and Table VIII. To find the optimal range of , minimum THD with different , is obtained for various specified . Then, the variation of minimum THD in Fig. 20 with is shown in Fig. 21 . Similar to Fig. 20, when is from 0.4 to 0.5, the THD is small. Clearly, there are optimal pole-arc to pole-pitch ratios, viz. , , and , for minimum THD. When the pole-arc to pole-pitch ratios of PM1, PM2, and PM3 are 0.83, 0.6, and 0.45, respectively, the cross section of the rotor and corresponding air-gap field distribution are shown in Fig. 22 . Table IX compares FEA and analytically predicted results. They have very good agreement.
V. CONCLUSION
Lumped magnetic circuit models for interior permanent magnet (IPM) machines with multisegment and multilayer permanent magnets have been developed for analytically predicting the open-circuit air-gap field distribution, average air-gap flux density and leakage fluxes. The FEA is adopted to verify the developed models and analytical method. It shows that for the prototype machines, the errors between the FEA results and analytical predictions are 1% for multisegment IPM machines and 2% for multilayer IPM machines. By utilizing the developed lumped magnetic circuit models, the IPM machines are optimized for maximum fundamental and minimum THD of air-gap flux density waveform.
Of course, many other design issues should also be considered, e.g., the saliency ratio. Nevertheless, the developed analytical models can be used for calculating the back-EMF waveforms and optimal air-gap field distribution with minimum THD Fig. 20 in IPM machines with multisegment and multilayer permanent magnets and should be beneficial for the IPM machine design.
Currently, the paper is restricted to analytical modeling of open-circuit air-gap field distribution in IPM machines. On load, the magnetic field will be more complex, e.g., (a) the armature reaction field will change with the load condition and rotor position; (b) reluctance of the stator yoke and teeth cannot be neglected; (c) the magnetic saturation level, particularly in the rotor iron and bridge, will vary with the load; (d) the cross-coupling magnetic saturation between the d-and q-axes under different load angle will be significant [28] . Therefore, on load it is more difficult to analytically derive the air-gap field distribution in IPM machines. However, since the developed model is based on the lumped magnetic circuit model, it can be extended, similar to [3] - [9] , to accounting for the nonlinear magnetic property of stator yoke and teeth, rotor irons, bridges and yoke, etc., together with the effect of stator slotting and armature current, which is being carried out and will be reported in a future paper.
